Greenberger-Horne-Zeilinger (GHZ) states and their mixtures exhibit fascinating properties. A complete basis of GHZ-states can be constructed by properly choosing local basis rotations. We demonstrate this experimentally for the Hilbert space C ⊗4 2 by entangling two photons in polarisation and orbital angular momentum. Mixing GHZ-states unmasks different entanglement features based on their particular local geometrical connectedness. In particular, a specific GHZ-state in a complete orthonormal basis has a "twin" GHZ-state for which equally mixing leads to full separability in opposition to any other basis-state. Exploiting these local geometrical relations provides a toolbox for generating specific types of multipartite entanglement, each providing different benefits in outperforming classical devices. Our experiment, based on hybrid entangled entanglement, investigates these GHZ's properties showing a good stability and fidelity and allowing a scaling in degrees of freedom and advanced operational manipulations.
Introduction. Entanglement, a fundamental concept of quantum theory, can occur if states have to be described by tensored Hilbert spaces [1] . Surprisingly, entanglement is not limited to physical distinguishable particles but exhibits itself also between different degrees of freedom [2] [3] [4] [5] [6] [7] [8] .
Mathematically speaking, a physical system can be separable or entangled with respect to a chosen factorization of the total algebra which describes the quantum state. Indeed, the choice of factorization allows for pure states to switch unitary between separability and entanglement, however, usually the experimental setup fixes the factorization and applying local unitaries does not change the entanglement properties.
Genuine multipartite entangled states are of special interest since they are the extreme version of entanglement, that is all subsystems contribute to the shared entanglement feature [1, 9, 10] . Here, further coarse graining applies due to distinct physical properties of genuine multipartite entanglement, the Greenberger-Horne-Zeilinger (GHZ) states, the graph states, the W -states or Dickestates are such examples.
Entanglement is nowadays a keystone in applied sciences, with applications ranging from quantum teleportation [11] to quantum dense coding [12] , quantum computation [13] [14] [15] and quantum cryptography [16, 17] .
Here we have produced two physical photons for which we consider the polarisation degree of freedom and a twodimensional subspace of the orbital angular momentum (OAM) degree of freedom for each photon [18] [19] [20] [21] [22] [23] [24] [25] . Thus we explore a 16 dimensional Hilbert space with the structure C 2 ⊗C 2 ⊗C 2 ⊗C 2 . Further classifications of the correlations between subsystems that may or may not be stronger than any correlations based on classical communications is needed in tackling specific quantum properties allowing to outperform classical algorithms. In our case one has three different "depth" of entanglement, the state can be tri-separable, bi-separable or genuine multipartite entangled between the different subsystems. This concept of k-separability is rather simple, however, due to its non-FIG. 1. GHZ basis geometry. By applying the Weyl operators W k,l (Pauli's operators) to the fourth subsystem it is possible to reach each quadrant's vertex. In order to move horizontally (vertically) from one quadrant to another one it is necessary to apply the Weyl operator W1,0 to the third (second) subsystem. Here the seed GHZ-state GHZ0000 is recursively given by |φn =
[28] and connected to the GHZ-state in the computational basis, Eq.(1), by the unitary operation U = (
constructive nature, the problem of detecting it for mixed states is still open [26, 27] .
Multipartite Entanglement. In this work we have focused on four-qubit GHZ-states [29] (which is identical in this case with a graph state [30] ), having the form
By using a construction on a minimal set of local basis rotations we have produced all 16 orthogonal basis states. The labelling |GHZ 0000 refers to a recursive construction method allowing to construct orthonormal basis sets of GHZ-states for any number of subsystems and any de-
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grees of freedom introduced in Ref. [28] . A further benefit of this choice of such a construction -that we exploit in the following-is that the geometry between local realisations of the complete basis set become transparent (see also Fig. 1 ): let us choose without loss of generality a particular GHZ-state (such as the one given in Eq. (1)), then obviously one obtains an orthogonal state by changing the relative sign in the superposition. Wishing to construct other basis state orthogonal to these two one can apply shift operators (|0 −→ |1 and vice versa) or/and phase operators in one or more subsystems. However, not all possibilities are successful: there exists a certain local substructure based on entangled entanglement [31, 32] , which is depicted in Fig. 1 . Here we used the unitary Weyl operators (shift and phase operations) which correspond in our cases to the Pauli matrices (W 0,0 = 1,
As visualized in Fig. 1 there is a "Merry Go Round " structure in the local realizations of GHZ-states. Each quadrant represents states where the local operations in the fourth subsystem is applied, whereas one leaves one quadrant when applying an operator to the second or third subsystem. Applying the same operation twice one moves "backward" on the lattice (for higher dimensions d, i.e. qudits, one would move "forward" d − 1 times and by applying the same operator d-times coming back to the initial state, for details see Ref. [33] ). Naively, mixing any two GHZ-states of the 16 one expects that the resulting states have the same entanglement features. Indeed that is not the case, the local information makes the difference! For instance, the mixture of any two GHZ-states does not destroy the property of genuine multipartite entanglement except when they are equally mixed (as experimentally demonstrated in this work). However, for equal mixtures the entanglement properties differ considerably and can be divided in two groups:
The resulting mixed state is fully separable.
Type II ("un-twin" GHZ-states): The resulting mixed state is entangled, though no longer genuine multipartite entangled, but still tri-partite entangled.
Type I states occur only for a single mixture, namely if one has chosen one GHZ-state in the set there exists exactly one which erases the entanglement property, a "twin" GHZ-state. This is immediately clear when considering the state defined in Eq. (1) and the one with a relative minus sign in the superposition. An equal mixture leads to zero off diagonal elements and, consequently, to a product state. In all other cases we have four non-zero off-diagonal elements for which it is not straightforward to detect their separability properties. For that we exploit the HMGH-framework [27] providing a set of nonlinear witnesses for detecting k-separability. For a given matrix ρ to be k-separable the functions I k (ρ) (defined in the appendix, Eq.(6)) have to be lower or equal zero, consequently a positive value detects k-inseparability.
For GHZ-states the criterion I 2 turns out to be optimal, namely the maximal value can be reached (I 2 (|GHZ ) = 1), whereas it is 0 for any four-qubit Dicke-state with one excitation and 1 2 for any four-qubit Dicke-state with two excitations (both states are known to be genuine multipartite entangled). Differently stated I 2 can be turned into an optimal witness for detecting the GHZ-type entanglement of a genuinely multipartite entangled state. For our purpose the linearised version of this witness I 2 is sufficient due to the high symmetry of the considered states [34] . Note, however, for the other witnesses I 3,4 we apply the non-linearised versions. Written in Pauli's operators the linear witness detecting genuine multipartite entanglement becomes
where we used the abbreviation XXXX for X ⊗X ⊗X ⊗X and so on.Ĩ 2 (ρ) detects genuine multipartite entanglement if it is greater than zero and gives the maximal value (equal to one) only for the GHZ-state in the representation Eq.(1) (by exploiting local unitary operations the criterion can be made optimal for any basis representation of the GHZ state).
In the following we describe the production of all orthogonal basis states and prove the genuine multipartite entanglement property by the above introduced criteria via different methods. Finally we discuss how the entanglement properties change when mixing of GHZ-states is considered and show that twin GHZ states behave differently.
Experimental generation of GHZ states. GHZ states can be generated with different physical systems [32, [35] [36] [37] [38] . Here we generate photonic four-qubit GHZ states by entangling polarisation and OAM within each photon of an entangled photon pair. To this end we exploit the q-plate [39, 40] , a birefringent slab with a suitably patterned transverse optical axis and a topological singularity at its center. Such device entangles or disentangles the OAM with the polarisation for each photon. The experimental setup is shown in Fig. 2(a) .
The pump laser (wavelength λ = 397.5 nm) is produced by a second harmonic generation (SHG) process from a Ti:saphire mode-locked laser with a repetition rate of 76-MHz. Type II spontaneous parametric down conversion (SPDC) in a β-barium borate (BBO) crystal is exploited to a and b) is locally manipulated via QWP, HWP and q-plates with settings according to the particular GHZ state to be prepared. The analysis stage is divided in two sections one for the polarisation analysis π and the other for OAM analysis. The polarisation analysis is performed by using a stage composed of QWP, HWP and PBS. The OAM analysis requires a q-plate to transfer the information encoded in the OAM space to the polarisation degree of freedom which can be then analysed by means of the same kit used in the π-section. After the analysis both photons are sent to single mode fibers connected to single photon detectors. (b) Experimental density matrices of two of the generated states (ρ0111 and ρ0101). Real and imaginary parts of the experimental density matrices are reconstructed via full quantum state tomography.
generate photon pairs entangled in polarisation [41] . These photons (λ = 795 nm) are filtered in the wavelength and spatial modes by using filters with ∆λ = 3nm and singlemode fibres, respectively. The resulting state can then be written in the polarisation and OAM basis by
where |R, (|L, ) denotes a photon with circular right (left) polarisation and carrying of OAM and the subscripts a, b refers to the two different photons. Each photon is sent to a q-plate whose action is given by
where, for uniformity of notation, we wrote r (l) to indicate OAM eigenstates with = −1 (+1). As a consequence the state (3) is transformed into a GHZ-state, |GHZ 0101 = 1/ √ 2 |RlLr − |LrRl (omitting the photon label subscripts). The two first qubits represent the polarisation and OAM degrees of freedom for one photon, whereas the third and fourth qubits represent the polarisation and OAM degrees of freedom for the second photon. By applying specific local transformations to |GHZ 0101 using half wave plates (HWP) and quarter wave plates (QWP) we obtain any other GHZ state of a complete set of four-qubits GHZ states.
After this stage, each photon is analyzed in the polarisation and OAM degrees of freedom. The polarisationanalysis stage is composed of QWP, HWP and polarizing beam splitter (PBS). Since the q-plate acts as an interface between OAM and polarisation spaces, it converts the OAM-encoded information into polarisation that, in a further step, we analyze with a second polarisation analysis stage [42, 43] . Finally, the photons are coupled into single mode fibers to ensure that only states with m = 0 are detected. Our experimental setup allows thus to perform measurements of all four-qubit operators (Pauli's matrices), consequently allowing full quantum state tomography (FQST) [44] .
The measurement of any four Pauli operators needs in general 16 independent measurements. The witness given Experimental Results. In a first step we have generated all 16 GHZ basis states and measured the local observables of the witness (both using raw data and with dark counts corrections). The results are listed in table I and show a high stability among all 16 GHZ states. The averaged value of the witness over all basis states is I 2 = 0.90 ± 0.06 (Ĩ 2 = 0.80 ± 0.05) with (without) dark counts correction, respectively. Moreover, we tested the robustness by applying three chosen witnesses to all 16 GHZ basis states. As expected we foundĨ 2 > 0 only for those states where the basis representation matches, whereas in all other cases it is clearly negative, see Fig. 3 .
Furthermore we have performed a full state tomography of two selected basis states (see Fig. 2(b) ) and applied the theoretical nonlinear witness to the obtained state ρ 2 ) of the two states and found: P (ρ 0101 ) = 0.905 ± 0.002, P (ρ 0111 ) = 0.915 ± 0.002. The values are comparable and explain the deviations from the optimal valueĨ 2 (GHZ) = 1.
In summary, all produced states are certainly genuine multipartite entangled, i.e. there exist no bipartition via any partition of all involved degrees of freedom. Since all measured values are in good experimental agreement the data clearly shows the independence on the degrees of freedom chosen. Entanglement properties of mixtures of GHZ states. For revealing the local substructure of mixtures of GHZ states we generated and measured all the sixteen pure GHZ and we summed the raw data by weighting each component proportionally to its statistical weight in the mixture. This procedure is analogous to performing the statistical mixture realized in time, i.e. measuring each state for a time proportional to its weight in the mixture. In particular we consider a mixed state composed of white noise and (in general) three GHZ states ρ i
where α, β and γ are statistical weights. As stated in the beginning a chosen GHZ-state has always exactly one closely related geometrical twin. Without loss of generality we assume that ρ 1 , ρ 2 are such a pair, i.e. the equal mixture of both states results in a separable state. Whereas a mixture of ρ 1 with any other GHZ-state ρ 3 is not k = 3-separable. Fig. 4 shows the theoretical and experimental geometry for a given choice of ρ(α, β, γ) (section (a)) and its corresponding sub-mixtures of two GHZ with (and without) white noise (sections (b-d)): ρ(α, β), ρ(α, γ) and ρ(β, γ). This figure shows clearly how mixtures of twin and un-twin GHZ exhibit different behaviours: mixtures of twin pairs (b) are fully separable if weights in the mixture have the same value, while this is not true if we look at mixtures of un-twin pairs (c,d) in which the states are bi-separable but not three-separable considering again mixtures having the same weights for both the states. Finally one can notice that the regions of bi-inseparability coincide for twin or un-twin mixtures, although regions of three and fourinseparability are different in the two cases. Moreover, looking separately to twin and un-twin mixtures, three and four-inseparability coincide in absence of noise, while they show a different behaviour when the mixture becomes noisy.
Discussions and Outlook
We have considered states in a four-tensored Hilbertspace where each subspace is described by two dimensions which we physically achieved by manipulating the polarisation and orbital momentum degrees of freedom of two photons. Producing a complete set of orthogonal GHZ- states FIG. 3 . Robustness of HMGH criterion. Application ofĨ2 onto all generated GHZ states in the set, optimized for three different states: the twin state ρ0011 of ρ0000, ρ1010 and ρ1110. In perfect agreement with the theoretical predictions a detection is only successful in case of the matching witness. Note that for the full witness I2 both twin-states are optimally detected (in linearisation the local information distinguishing the twins is lost).
and their detection via entanglement witnesses showed a high quality in always achieving states with same entanglement properties but locally different geometries. This local differences are important when mixing those states. In particular we proved experimentally that among the 16 GHZ-states each GHZ-state has always a twin that when mixed with equal weights gives a fully separable state. In opposition to any other balanced mixtures of GHZ-states destroying genuine multipartite entanglement, but not any other type of entanglement.
This property is important for example in secret sharing protocols based on the mixtures of GHZ-states [34] and for quantum algorithms exploring different types of multipartite entanglement [45, 46] . Certainly, this local information beween orthogonal basis states is relevant for any experimental setup and can be exploit to generate particular types of entanglement.
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METHODS
The k-separability criteria: In Ref. [47] it was proven that any state ρ (mixed or pure) that is k-separable has to satisfy I k (ρ) ≤ 0 where for a 16×16 matrix ρ the functions (optimized for the state in eq. (1)) read explicitly 
